We discuss the concept of connection states (or connection matrices) that describe posterior ensembles, post-selected according to the outcomes of a quantum measurement. Connection matrices allow one to obtain results of any weak and some non-weak pre-and post-selected measurements, in the same manner as density matrices allow one to predict the results of conventional quantum measurements. Connection matrices are direct extensions of the density matrices and are generally non-Hermitian, which we show to be a direct consequence of quantum complementarity. This implies that the ultimate reason for unusual weak values is quantum complementarity. We show that connection matrices can be determined experimentally. We also show that retrodictive states are a special case of connection states. We propose a new method of tomography of quantum detectors.
I. INTRODUCTION
Quantum mechanics is intrinsically stochastic. Measurements of a physical quantity for an ensemble of identical quantum systems prepared in the same state (the socalled "preselected" ensemble) yield different outcomes for different individual systems. The quantum state, described generally by the density matrix ρ, contains all the information on a quantum system available for an observer at a given time t 0 and thus allows one to predict the probabilities of the outcomes for any future measurement performed on the system.
A measurement performed at a time t 1 (t 1 > t 0 ) allows one to divide the preselected ensemble into pre-and post-selected (PPS) ensembles, i.e., sub-ensembles corresponding to different measurement outcomes. The information provided by a measurement outcome l is completely described by a POVM operator E l . Thus, the quantum systems in a PPS ensemble, corresponding to an outcome l, are characterized by two quantities, the initial state ρ and the observable E l . PPS ensembles can be probed by measurements performed at intermediate times t ∈ (t 0 , t 1 ), i.e., by PPS measurements [1] . The results of PPS measurements are obtained, conceptually speaking, by combining the prediction based on the initial state and retrodiction (retroactive prediction) based on the final-measurement outcome, such a procedure being called "quantum smoothing" [2] .
We ask the following question: Can one describe a PPS ensemble similarly to a pre-selected ensemble, i.e., by some operator, which can be used to obtain the full statistics of any PPS measurement? Below it is shown that indeed, under certain conditions, such an operator exists. It is called here "connection state" (or "connection matrix"), since it describes the state of quantum systems between the preparation of the initial state and the measurement and thus connects these two stages of evolution. The connection matrix is useful for quantum smoothing, in contrast to the density matrix used for prediction. Remarkably, the connection matrix is generally non-Hermitian. Below this property is shown to be a direct consequence of the non-classical nature of quantum mechanics.
PPS measurements [1] , especially weak PPS measurements and the resulting weak values of observables [3] , were found useful in a multitude of interesting applications (for reviews see Refs. [4] [5] [6] [7] [8] [9] ), including quantum paradoxes [5, [10] [11] [12] , foundations of quantum mechanics [13] , measuring wavefunctions [14, 15] , high-precision metrology [16] , and plasmonics [17] . These applications involve unusual properties of PPS measurements, such as unusual weak values, which can be complex numbers with unbounded magnitudes and real parts lying outside the range of the eigenvalues of the observable.
The physical meaning of weak values is not yet completely understood and is a subject of controversy [18] [19] [20] . This is an impediment to further progress in the field of PPS measurements. In view of the importance of unusual weak values, they have attracted significant attention. In particular, distributions of unusual weak values were studied [21] , and some necessary conditions for such values were obtained [4, 7, 10] . Note, however, that non-classical behavior in weak PPS measurements is not always directly associated with unusual weak values. In particular, there are quantum paradoxes, such as the three-box problem [10, 11] and "the quantum-Cheshirecat paradox" [5, 22] , which are obtained with the usual weak values. This shows that the weak values of the measured observables are not the most fundamental quantities characterizing weak PPS measurements.
The connection state provides the full statistics of any weak PPS measurements for a given PPS ensemble. Therefore, the connection state is the most fundamental quantity characterizing weak PPS measurements. Connection states are not only more fundamental but also simpler mathematically than weak values, since generally connection states involve two operators and not three as weak values. Therefore the analysis of connection states is comparatively easy, which allows us to shed new light on PPS measurements. In particular, below we show that the unusual character of weak values is explained by the non-Hermitianity of connection states and hence is a direct consequence of the non-classical nature of quantum mechanics.
Some special cases of connection states were introduced previously [23, 24] as convenient auxiliary tools. Here we emphasize the fundamental importance of the connection states and discuss in detail their properties and the physical significance. After the preprint of the first version of this paper was published [25] , the paper [26] appeared where a "transient state" coinciding with our connection state was considered. Actually, only the Hermitian part of the connection state is important for the problem discussed in Ref. [26] . Here both the Hermitian and anti-Hermitian parts of connection states are studied on an equal footing, and the importance of both of them is shown.
The outline of the paper is as follows. Section II provides an overview of conventional and PPS quantum measurements. In Sec. III, the connection states are introduced in the context of weak PPS measurements. We discuss properties, physical meaning, the relation to weak values, and tomography of connection states. In Sec. IV, we show that connection states describe not only weak measurements but also a class of arbitrary-strength PPS measurements. In particular, we consider violations of uncertainty relations in PPS measurements. We also show that retrodictive states [27] are a special case of connection states; as a result, we obtain a symmetric form of connection states. Next, we propose a new method for tomography of quantum detectors. In Sec. V, we show that the unusual properties of the class of PPS measurements described by connection states are a direct consequence of the non-classical nature of quantum mechanics. In Sec. VI, the effects of the unitary dynamics of quantum systems on connection states and PPS measurements are considered. In Sec. VII, we discuss the relations between connection and posterior states and also between the present approach and the two-state vector formalism [1, 4, 6] . Section VIII contains conclusions. Three Appendices provide details of calculations.
II. OVERVIEW OF QUANTUM MEASUREMENTS A. Conventional quantum measurements
We begin with a very brief overview of quantum measurements. First, we consider conventional quantum measurements. Let ρ be the density matrix describing the state of the quantum system. The operator of any physical quantity A has the spectral expansion
Here a i (a i = a j ∀i = j) are the eigenvalues of A, and Π i are projection operators that satisfy the equalities
where I is the unity operator. Then, according to the projection postulate [28, 29] , an ideal (strong) measurement of A yields an eigenvalue a i with probability given by the Born rule,
while leaving the system in the posterior state
Generally, this state depends on the intial state ρ. However, when Π i is a rank-1 projector, Π i = |φ i φ i |, the posterior state |φ i is pure and independent of the initial state. Furthermore, the most general measurements are described by the positive-operator valued measure (POVM)
Now the probability of the lth measurement outcome is given by [30] P l = Tr (ρE l ). 
B. Pre-and post-selected measurements
Consider now PPS measurements (see Fig. 1 ). We begin with ideal (or strong) PPS measurements [1] . In the general case, when the initial state ρ can be a mixed state and the post-selection is made by an outcome of a general measurement with a POVM operator E, it is easy to show with the help of Eqs. (3), (4) , and (6) that the probability to observe an eigenvalue a i of A in a strong PPS measurement is given by [7, 31] 
This formula is an extension of the Aharonov-BergmannLebowitz (ABL) rule [1, 10] , reducing to the latter when the initial state is pure and the post-selection measurement is ideal. Studies of strong PPS measurements provided some interesting results, such as the 3-box quantum paradox [4, 11] and the time-symmetry relation [1, 4, 5, 7] . An alternative to strong PPS measurements are weak PPS measurements [3] . Weak PPS measurements of a quantity A yield the so-called weak value of A, which in the general case is given by [32, 33] 
In the special case when the initial state is pure, ρ = |ψ ψ|, and the final measurement is ideal with E being a rank-1 projector, E = |φ φ|, the weak value is [3] A w = φ|A|ψ φ|ψ .
In this case, it is common to say that "the system is post-selected in the state |φ ", since the final state is |φ . Note, however, that generally the final state is not uniquely determined by E and is dependent on ρ as well. What is more important, the final state is irrelevant for PPS measurements, since they are not affected by the evolution of the system after the post-selection. Still, we will use the common term "a pure post-selected state" to refer to the cases where E is a rank-1 projector. In PPS measurements, the intermediate measurement of A generally significantly modifies the initial state ρ, which may result in a change of the post-selection probability, thus affecting the PPS ensemble [34] . In particular, for strong PPS measurements this effect is seen from the fact that the post-selection probability, given by the denominator in Eq. (7), depends explicitly on A. Below we focus mainly on the cases where the dependence of PPS ensembles on the intermediate measurements is negligibly small. In this case, PPS ensembles are very close to posterior ensembles, a special case of PPS ensembles where no intermediate (PPS) measurements are performed.
III. CONNECTION STATES

A. General consideration
Weak PPS measurements (at least, in the linearresponse regime [7] ) have the important property that they do not appreciably disturb the state of the quantum system. Hence they probe unperturbed PPS ensembles (i.e., posterior ensembles). Let us show that weak PPS measurements are similar in a sense to conventional (preselected only) measurements. To this end, we recall that the Born rule (3) can be rewritten equivalently as a formula for the expectation value of an observable A,
Namely, inserting Eq. (3) into Eq. (10) and using Eq. (1), one obtainsĀ = Tr (Aρ).
This formula describes the results of both strong and weak conventional measurements [3, 7] . The weak value (8) can be recast in a form similar to the Born rule (11), on using the invariance of the trace under cyclic permutations,
where [26] w = ρE Tr (ρE) .
In the special case of pure pre-and post-selected states (i.e., ρ = |ψ ψ| and E = |φ φ|), Eq. (13) simplifies [35] ,
The quantity w can be called connection state (or connection matrix). It determines the results of weak PPS measurements in the same way as the quantum state determines the results of conventional weak measurements [cf. Eqs. (11) and (12)]. Therefore, the connection matrix generalizes the concept of the density matrix. In particular, the connection matrix reduces to the density matrix of the system, w = ρ, when E is equal or proportional to the unity operator. This could be expected, since in this case the post-selection measurement does not yield any information or is not performed at all, and thus the posterior ensemble reduces to a preselected ensemble.
Connection states in Eq. (13) are normalized to one,
They are invariant under multiplying ρ and E by scalar factors, i.e., e.g., under replacing normalized ρ and E with unnormalized ρ and E. Connection states obey a time-symmetry relation, as follows. An exchange ρ ↔ E, i.e., a transition from a PPS ensemble with the initial state ρ and the post-selection operator E to an ensemble with the (generally unnormalized) respective quantities E and ρ, results in the change
This relation implies also the change A w → A * w , which results on inserting Eq. (16) into Eq. (12) [36] .
The operators ρE and w have simple physical meanings. Indeed, we note that ρ and E are quantum counterparts of the prior probability distribution and the conditional probability of the measurement outcome, respectively [37] . This implies that ρE is a quantum counterpart of the joint probability distribution, and, hence, the connection state w in Eq. (13) is a quantum counterpart of the classical posterior probability distribution (i.e., the probability distribution conditioned by a measurement outcome); for details see Appendix A. In this interpretation, Eq. (13) is a quantum analog of Bayes' theorem [recall that Tr (ρE) is the probability of the measurement outcome, cf. Eq. (6)]. This shows that the weak value is a quantum analog of a classical conditional expectation value given a post-selection measurement outcome [38] .
Note, however, an important distinction of the present situation from the classical case: in quantum probability theory [31, 37] , ρ and E generally do not commute. As a result, connection matrices are generally non-Hermitian, i.e., they have drastically different properties from conventional density matrices. The non-Hermitianity of connection states explains why weak values are generally unusual. Indeed, the connection state can be written as a sum of the Hermitian and anti-Hermitian parts,
.
(17) Here w ′ and w ′′ are Hermitian operators, which determine the real and imaginary parts of the weak value [39] ,
Note that the condition (15) implies
The eigenvalues of w ′ and w ′′ can be positive or negative. As a result, the magnitudes of these eigenvalues are not restricted by the conditions (19) and thus can be arbitrarily large.
This can be shown explicitly using the inequality
where ||w|| is the connection-matrix norm given by the square root of the maximum eigenvalue of w † w (or, equivalently, ww † ) and c ′ = ||w ′ || (c ′′ = ||w ′′ ||) is the maximum eigenvalue magnitude for w ′ (w ′′ ). Equation (20) is implied by the property of the matrix norm, [40] .
For example, it is easy to see that in the case of pure pre-and post-selected states, we have w
This quantity tends to infinity for φ|ψ → 0. Hence, as follows from Eq. (20), in this case c ′ or c ′′ or both tend to infinity. The absence of the upper limit for connection states gives rise to unbounded weak values and amplification [3, 7, 16, 17] .
The orthogonality relation
The Hermitian and anti-Hermitian parts of the connection state have an interesting property: they are mutually orthogonal in terms of the Hilbert-Schmidt inner product of operators,
To show this, we note that any operators O 1 and O 2 satisfy the identity
where the last equality is obtained with the help of the cyclic property of the trace. As a consequence, we obtain the statement: for any Hermitian operators O 1 and O 2 , the Hermitian and antiHermitian parts of their product
are orthogonal in terms of the inner product. Indeed, taking into account that The relation (22) shows that the Hermitian and antiHermitian parts of the connection state are not completely independent of each other.
C. Usual and unusual connection states
Connection states can be classified into usual and unusual, depending on whether they allow for unusual weak values. A connection state, Eq. (13), is usual, if and only if ρ and E commute. Indeed, when ρ and E commute, w is a Hermitian, positive operator, similar to a density matrix, and, as a result, any weak value is usual, i.e., a real number inside the range of the eigenvalues of the observable, just as the expectation value [cf. Eqs. (11) and (12)]. On the other hand, when ρ and E do not commute, the connection state is unusual, i.e., then there always exists an observable with an unusual weak value. Indeed, then w is non-Hermitian and hence w ′′ = 0. In this case, there exists a Hermitian operator A such that Tr (Aw ′′ ) = Im A w = 0; hence A possesses a complex (i.e., unusual) weak value. In particular, for pure preand post-selected states |ψ and |φ , connection states are always unusual, except for the trivial case |ψ = |φ where the posterior and preselected ensembles coincide.
Even when a connection state is unusual (i.e., nonHermitian or non-positive), there exist observables with usual weak values. In particular, for an arbitrary connection state, weak values are always usual whenever A commutes with either ρ or E [7] ,
This fact can be generalized to measurements of arbitrary strength, as discussed in Sec. IV. The fact that Eq. (12) formally coincides with the Born rule implies that weak PPS measurements simulate conventional measurements performed on a system in a "quantum state" w.
D. Sum rules for connection states
Consider the POVM {E l } for a general measurement and the corresponding connection states w l = ρE l /P l , where P l is the probability of the outcome l, Eq. (6). It is easy to see that the normalization condition (5) implies the following sum rule for the connection states [26] ,
Taking into account that P l w l = ρE l is a quantum counterpart of a joint probability, as discussed above, we can interpret Eq. (26) as a quantum analog of a classical marginal distribution obtained by averaging over information about the measurement. Equation (26) is equivalent to the following sum rules,
where w ′ l and w ′′ l are Hermitian operators such that w l = w ′ l + iw ′′ l . The first equality in Eq. (27) was obtained previously in Ref. [24] .
An immediate consequence of Eq. (26) is a sum rule for the weak values A w,l = Tr (Aw l ) of a quantity A. Indeed, multiplying both sides of Eq. (26) by A and taking the trace yields the sum rule
Taking into account that A w,l is a quantum counterpart of a conditional expectation, as mentioned above, Eq. (28) is a quantum analog of the expression for an average of a conditional expectation over the measurement results. The real and imaginary parts of Eq. (28) provide the following sum rules,
Special cases of the sum rules (28) and (29) were obtained in Refs. [7, 41, 42] .
E. Tomography of connection states
Connection states can be determined experimentally. In particular, quantum tomography of connection states can be performed with the help of weak PPS measurements, similarly to tomography of quantum states [24, 30] , as follows. A connection state can be written in the form
where {B i } is a set of linearly-independent operators, d is the dimension of the Hilbert space of the quantum system, and α i are complex coefficients. The coefficients α i can be obtained on measuring a set of d 2 linearlyindependent operators {A i }, which may or may not coincide with {B i }.
Indeed, on multiplying Eq. (30) by A j , taking the trace, and using Eq. (12), we obtain the equations,
where the quantities a ji = Tr (A j B i ) are known and (A j ) w are weak values that can be measured. Solving these equations yields α i and hence the connection state w. Namely,
where a is the matrix with the elements a ji . Equations (31) and (32) simplify when A i and B i are Hermitian, since then a ji are real.
IV. CONNECTION-STATE FORMALISM FOR SOME MEASUREMENTS OF ARBITRARY STRENGTH A. General results
Connection states generally cannot provide the results of strong PPS measurements. Indeed, generally Eq. (7) cannot be reduced to Eq. (12) . The reason for this is that strong measurements significantly disturb the state of the system. However, for a special class of observables, namely for observables A commuting with either ρ or E, Eq. (25), there is an extension of the result (12) to PPS measurements of arbitrary strength. Namely, in the case (25) , a PPS measurement of arbitrary strength is equivalent to (i.e., yields the same results as) the conventional (preselected only) measurement of the same strength with the effective initial state ρ eff equal to w or w ′ [43] . The equivalence of the above two values of ρ eff (i.e., w and w ′ ) means that in the case (25) w ′′ does not influence the measurements, and hence one has the freedom to neglect w ′′ in w = w ′ + iw ′′ .
Curiously, as mentioned above, w ′ can have negative eigenvalues and hence may not represent a real quantum state. Thus, PPS measurements of any strength can simulate conventional measurements of observables in a fictitious state described by a "density matrix" with negative eigenvalues.
In particular, strong PPS measurements can simulate ideal projective measurements involving the "quantum state" w or w ′ . This can be derived directly from Eq. (7). Namely, on taking into account Eq. (2), the cyclic property of the trace, and the fact that when [A, ρ] = 0 ([A, E] = 0), then Π i commutes with ρ (E), Eq. (7) can be transformed to the form
where Π i,w is the weak value of Π i . Similarly, we obtain that P i|E = Tr (Π i w † ), yielding, in view of Eq. (33),
Thus we obtain a result alternative to Eq. (33),
Equations (33) and (34) coincide with the result of a conventional strong measurement in Eq. (3) with ρ substituted by w or w ′ . Note that the probabilities in Eqs. (33) and (34) are classical, i.e., non-negative, although generally w is non-Hermitian and w ′ is not positive; indeed, the probabilities in Eq. (7) are easily seen to be non-negative.
More generally, as shown in Appendix B, in the case (25) PPS measurements of arbitrary strength provide the weak value A w . Now A w is a usual value of A, i.e., a real value within the range of the eigenvalues of A.
B. Violation of an uncertainty relation in connection states
It is interesting to note that though in the case (25) PPS measurements are usual from the point of view of classical physics, they are not usual from the point of view of quantum mechanics. Indeed, Eq. (33) implies the well known fact that in a PPS ensemble with pure pre-and post-selected states |ψ and |φ , any observable with an eigenstate |ψ or |φ has a definite value, equal to the corresponding eigenvalue [44] . Therefore in such an ensemble two non-commuting observables without common eigenvectors (such as two orthogonal projections of the angular momentum) can have definite values. In contrast, such a situation is not possible in a conventional (preselected only) ensemble. In view of the above discussion, this "paradox" [44] can be interpreted as a direct consequence of the unusual character of the connection matrix, since in the present case arbitrary-strength PPS measurements simulate conventional measurements of a system in the "quantum state" w or w ′ . Consider an extension of the above unusual situation. In the case when ρ and E are not pure states, one can expect that the uncertainties of two non-commuting operators which commute with ρ and E, respectively, can be still below those required by quantum mechanics for conventional measurements. We show this for the special case of a qubit, where the following sum uncertainty relation holds [45] ,
Here ∆σ 2 i is the variance of the Pauli matrix σ i = Π i+ − Π i− , where Π i± = |i± i ± |.
Consider arbitrary-strength PPS measurements such that ρ (E) commutes with σ 1 (σ 2 ),
Here λ 1 = p + − p − and λ 2 = (e + − e − )/(e + + e − ), so that −1 ≤ λ 1,2 ≤ 1. The parameters |λ 1 | and |λ 2 | are measures of purity of ρ and E, so that, e.g., for |λ 1 | = 1 ρ is pure and for λ 1 = 0 ρ is completely mixed (ρ ∝ I). It is easy to show that Eq. (13) yields now w = w ′ + iw
Note that here w ′ and w ′′ satisfy the orthogonality relation (22) .
In the present case, the variance of σ i is ∆σ 
we obtain that ∆σ 
Note that here the purity parameters for ρ and E enter on an equal footing. Consider special cases of Eq. (39). For pure pre-and post-selected states, we have |λ 1 | = |λ 2 | = 1, and Eq. (39) implies that ∆σ 1,w = ∆σ 2,w = 0, i.e., σ 1 and σ 2 have definite values, in agreement with the above discussion. The connection states for this case can be expressed by Eq. (14) in the form (see also Fig. 2 )
Furthermore, when
we have
in contradiction to the uncertainty relation (35) . The condition (41), shown graphically in Fig. 2 , also ensures that w ′ in Eq. (37a) is unusual, i.e., has a negative eigenvalue, since the eigenvalues of w ′ are (1 ± λ 2 1 + λ 2 2 )/2. The left-hand side of Eq. (39) increases with the decrease of the purity of ρ or E or both. Finally, when λ 2 1 +λ 2 2 ≤ 1, the quantity w ′ is usual, i.e., a positive operator. In this case, we obtain that ∆σ Thus, we have shown that the uncertainty relation (35) is violated in PPS measurements whenever w ′ is unusual, i.e., in the case (41) . Now the value of w ′′ is unimportant for measurements of σ 1 and σ 2 , as discussed in Sec. IV A. Note, however, that in the present case the connection state w is unusual for almost all values of the parameters, since w ′′ is nonzero unless ρ or E is a multiple of I (i.e., unless λ 1 or λ 2 vanishes); cf. Eq. (37b). In other words, w is unusual in the whole square in Fig. 2, except 
C. Retrodictive states
An important special case of the present theory occurs when the initial state is not known, i.e., it is completely random, ρ ∝ I. Measurements in this case are called post-selected only measurements [4] . Now the connection state (13) becomes
this operator being called the retrodictive state [27] . Note that the retrodictive state describes post-selected only measurements of any strength for any observables, since any operator A commutes with ρ ∝ I [cf. the first equality in Eq. (25)]. The study of the retrodictive state (43) provides information on the detector [46] .
Tomography of quantum detectors
One can perform tomography of the retrodictive state and thus reconstruct E by the method described in Sec. III E. The only difference is that now measurements of any strength can be used. This method differs from the usual tomography of quantum detectors [47] which employs conventional (preselected only) measurements of the probabilities P i = Tr (ρ i E) for a set of different initial states {ρ i }. In the present method the initial state is completely random, and the (post-selected only) measurements are performed for a set of linearly-independent operators {A i }.
The above method provides ρ retr , which determines the POVM operator E = (Tr E)ρ retr only with the accuracy to the factor Tr E. This factor results easily from a measurement of the post-selection probability P = Tr (ρE). Indeed, since now ρ = I/d, we have P = Tr E/d, and hence Tr E = P d.
Symmetric form of connection states
Using the definition of retrodictive states in Eq. (43), the expression (43) for the connection states can be recast in a symmetric form,
where the predictive state ρ pred = ρ. This expression shows explicitly that quantum smoothing is a combination of prediction provided by the quantum state ρ and retrodiction determined by the retrodictive state ρ retr .
V. CONNECTION STATES AND QUANTUM COMPLEMENTARITY
In this section, we show that the unusual character of the connection states in the generic case where ρ and E do not commute is a manifestation of the nonclassical nature of quantum mechanics or, more specifically, quantum complementarity. Indeed, the complementarity principle states, loosely speaking, that different measurements generally provide results contradicting each other from the point of view of usual (classical) logic, since measurements of non-commuting observables provide information on incompatible aspects of a quantum system, such as, e.g., wave-like and particle-like behavior. As a result, one cannot use information provided by a measurement of some observable to improve one's knowledge on a quantum system obtained from a preceding measurement of a different non-commuting observable, since the two pieces of information describe incompatible aspects of a quantum system.
The initial state ρ provides the maximum information on observables that commute with ρ and thus describes a certain aspect of the quantum system represented by such an observable. (If ρ has degenerate eigenvalues, the observables commuting with ρ may not commute with each other; then ρ describes two or more incompatible aspects of the quantum system.) When E commutes with ρ, the measurement is in essence classical, and it can improve our knowledge on the system. This improved knowledge is described by the connection state w that is now a usual state (a positive operator). Correspondingly, now Eq. (13) coincides in essence with the classical Bayes theorem.
In contrast, when E and ρ do not commute, the final measurement probes an aspect of the quantum system which is incompatible with the aspect(s) described by the initial state ρ. Since now information provided by the measurement cannot increase the knowledge described by ρ, the connection state w must be necessarily unusual (i.e., a non-Hermitian or non-positive operator). Otherwise, w would provide an improved knowledge on the quantum system, and this is forbidden by the complementarity principle. From this we can deduct that unusual weak values have no direct physical meaning in the classical sense. An unusual value simply indicates that the property of the quantum system probed by a given PPS measurement is non-classical, i.e., it cannot be described in classical terms.
Of course, this does not mean that weak values are useless. On the contrary, they have unique properties, such as amplification, which are very useful, as mentioned above. Moreover, they provide a more direct access to quantum information than conventional measurements, as implied by the above discussion and demonstrated in experiments on direct measurements of the wave function [14, 15] .
In summary, the above discussion shows that the reason for the unusual connection states is the non-classical nature of quantum mechanics or, more specifically, quantum complementarity. The latter is also the ultimate reason for counterintuitive results of weak and some nonweak PPS measurements, including unusual weak values, quantum paradoxes [5] , and violations of uncertainty relations (Sec. IV B), since such results can be explained as resulting from unusual connection states.
VI. TIME DEPENDENCE A. Time dependence of general PPS measurements
Until now, we neglected the effects of the free dynamics of the quantum system on PPS measurements. It is instructive to include into the consideration the time dependence due to the system Hamiltonian H(t). We assume that the initial state is prepared at time t 0 and the post-selection measurement is performed at time t 1 > t 0 . Moreover, we assume that a PPS measurement is performed using the von-Neumann scheme [3, 28] , so that the system and meter are correlated impulsively at time t (t 0 < t < t 1 ). Then the system dynamics is taken into account most generally by the substitutions in the formulas for PPS measurements [see, e.g., Eqs. (7) and (8)] given by Eqs. (C3) in Appendix C.
Schrödinger picture
In particular, it is common to describe the time dependence of PPS measurements by the substitutions [5, 10, 44] [see Eqs. (C3) with
Here
where T is the chronological operator. In Eq. (45b), E(t 1 , t) is the POVM operator in the Heisenberg picture defined with respect to the initial time t. As a function of t, E(t 1 , t) satisfies the backward Heisenberg equation [48] ,
with the "final" condition E(t 1 , t 1 ) = E. In the representation (45), the observable A is independent of the system dynamics. Therefore, this representation can be called "the Schrödinger picture for PPS measurements".
Heisenberg pictures
More generally, PPS measurements can be described using the Heisenberg picture with respect to the arbitrary reference time t r (t 0 ≤ t r ≤ t 1 ),
This representation results from Eqs. (C3) with U 1 = U † (t, t r ). A special case of Eqs. (48) for t r = t is the common representation (45) . Moreover, one can consider the forward and backward Heisenberg pictures, respectively,
and
obtained from Eqs. (48) for t r = t 0 and t r = t 1 , respectively. In the Heisenberg pictures, Eqs. (49) and (50), ρ and E are fixed at either the initial or the final time, and only the observable evolves: forward in time from t 0 to t in Eq. (49) or backward in time from t 1 to t in Eq. (50). The above representations, Eqs. (45) and (48)- (50), simplify when one of the quantities A, ρ, or E commutes with the Hamiltonian H(t). For example, it is interesting that, when A is a constant of motion [i.e., commutes with H(t)], the system dynamics in PPS measurements can be described simply by replacing the initial state ρ by its final value ρ(t 1 ) [cf. Eq. (50)].
B. Time dependence of connection states:
Time-dependent quantum Bayes formula
Inserting the substitutions (45) into Eq. (13) yields the time-dependent connection matrix,
where
Note that the normalization factor P is independent of time, being equal just to the probability of the measurement outcome described by E, as indicated by the last expression in Eq. (52) . Equation (51) can be interpreted in terms of probabilities. The operator E(t 1 , t) is a quantum counterpart of the probability of a measurement outcome at t 1 given a system state at t; correspondingly, ρ(t)E(t 1 , t) is a quantum counterpart of the joint probability of a system state at t and a measurement outcome at t 1 . This interpretation agrees with the above fact that Tr [ρ(t)E(t 1 , t)] is the (unconditional) probability of the measurement outcome. Thus, the time dependence of w(t) is formally the same as for a classical posterior probability distribution. Hence, Eq. (51) can be called the time-dependent quantum Bayes formula.
A more explicit form of Eq. (51) is
In the case of pure pre-and post-selected states, Eq. (53) becomes
Connection states obey the von Neumann equation for time evolution,
One can solve Eq. (55) either forward in time using the initial condition w(t 0 ) = ρE(t 1 , t 0 )/P or backward in time using the final condition w(t 1 ) = ρ(t 1 )E/P .
Weak values
The weak value in the presence of the free evolution of the quantum system is given by
In addition to this "Schrödinger picture", one can use also various Heisenberg pictures, Eqs. (48)- (50). In particular, Eq. (56) can be recast in the "forward Heisenberg picture",
or in the "backward Heisenberg picture",
In the Heisenberg pictures, Eqs. (57) and (58), the connection matrix is constant in time, being equal to its initial or final value, w(t 0 ) or w(t 1 ), respectively.
Retrodictive states and the symmetric form for w(t)
When ρ ∝ I [and hence also ρ(t) ∝ I], then Eq. (51) yields a time-dependent retrodictive state
Retrodictive states satisfy Eq. (47) or (55) with the final condition ρ retr (t 1 ) = E/Tr E. Retrodictive states differ essentially from usual (predictive) quantum states, since the former (the latter) describe post-selected (preselected) ensembles. However, there is a remarkable symmetry between them: retrodictive states ρ retr (t) can be interpreted as usual states propagating backward in time, from t 1 to t [10, 27, 49] . With the help of Eq. (59), w(t) in Eq. (51) can be recast in a symmetric form,
where ρ pred (t) = ρ(t) and P ′ = Tr [ρ pred (t)ρ retr (t)] = P/Tr E (0 < P ′ ≤ 1). Equation (60) is a time-dependent analog of Eq. (44).
C. Some remarks
Conventional measurements are local in time, since their results depend only on the values of the density matrix and/or the observable at the moment of measurement. In contrast, PPS measurements are non-local in time, since they combine a measurement of A at t and the post-selection measurement at t 1 . Thus, the time dependence in Eqs. (45) and hence in Eq. (51) can be explained as follows. Since the measurement of A is made at t, the measurement result should depend on the value of the density matrix at t, which explains Eq. (45a) and the first factor in Eq. (51) . Next, the post-selection measurement is performed after the measurement of A, at t 1 ≥ t. Since the state of the system changes with time, the probability of the post-selection outcome and hence the PPS ensemble and its statistical properties may vary with time. This change is compensated for by employing the POVM operator E in the Heisenberg picture in the interval (t, t 1 ), which results in a time-independent post-selection probability; cf. Eq. (52) . This explains the time dependence in Eq. (45b) and in the second factor in Eq. (51) .
Let us remark on the measurement probability P in Eq. (52) . This is the usual Born rule, written in different representations. Though the differences between the meanings of different expressions in Eq. (52) were discussed [27, 49, 50] at some length [51] , the operator products under the trace sign in Eq. (52) cannot be observed in conventional measurements. The present theory implies that not only the trace in Eq. (52) but also the quantity under the trace sign are experimentally accessible. Since this quantity is actually an unnormalized connection state, it can be probed and tomographically reconstructed with the help of weak PPS measurements, as described above.
Evolution backward in time
Equation (51) shows that the state of the system between the preparation and measurement, described by the connection matrix w(t), is determined not only by the earlier preparation event but also by the later measurement event. This counterintuitive fact can be viewed as resulting from another counterintuitive fact, namely, that the retrodictive state evolves backward in time [4-6, 10, 23, 24, 27, 50, 52] .
The above interpretations can be useful in applications since they provide a clear (though unusual) physical picture. However, they should not be taken too literally, since they are not unique, owing to the fact that the common representation (45) , for which Eq. (51) holds, is not unique. In particular, note that, at least, in one of the representations, the backward Heisenberg picture [Eqs. (50) and (58)], E does not depend on time and hence cannot be interpreted as a backward evolving state.
[Instead, in this case the observable A(t, t 1 ) is moving backward in time.] Thus, generally, there is a freedom of choice of the representation and/or the interpretation in PPS measurements. This freedom allows one to choose the representation/interpretation which is most suitable for a given problem; see examples in Refs. [27, 49, 50] .
Retrospective nature of connection states
From the point of view of orthodox quantum mechanics, connection states have a retrospective nature. Indeed, before the final measurement a PPS ensemble does not exist, since the property probed by the final measurement does not exist, even in a hidden form, at least, when E and ρ do not commute. As a result, before the final measurement, the connection state is a purely theoretical entity without a real physical counterpart and hence without a physical meaning. After the creation of a PPS ensemble, the connection state acquires a physical meaning retroactively. However, the description provided by connection states is retrospective, since it is possible only at times later than the temporal interval where it is applicable.
Here we encounter one of paradoxical features of quantum mechanics. Namely, a quantum measurement not only reveals a property of a quantum system, it also creates the whole history of the system from the preparation to the measurement. (Here by the "history" we mean the description of the behavior of the quantum system with the help of a connection state.) In particular, if an experimenter would decide to change the measurement setting and thus change the set of the POVM operators {E l }, this would provide a different set of the posterior ensem-bles and hence quite different histories. In view of the retrospective nature of connection states, the backwardin-time propagation effects described by them do not violate the principle of causality [49] .
VII. DISCUSSION
A. Comparison to the two-state vector formalism
Let us compare the present connection-state formalism (CSF) with the two-state vector formalism (TSVF) developed by Aharonov et al. [1, 4, 6] . (Two-state vectors are called also two-time states [52] .) The TSVF is applicable to weak and strong (but not intermediatestrength) PPS measurements, whereas the CSF holds for weak and some arbitrary-strength PPS measurements. Moreover, the TSVF describes the special case of pure pre-and post-selected states, whereas our formalism describes the general case with arbitrary initial states and post-selection measurements. Thus, for many cases only one of the two formalisms is applicable, whereas both formalisms hold for weak and some strong PPS measurements with pure pre-and post-selected states.
A two-state vector has a rather unusual mathematical structure: it is "a mathematical object which is comprised of a bra and a ket vector with an empty slot in between" [52] . In contrast, a connection matrix is a familiar and very well studied mathematical object, similar to other objects in the quantum formalism, namely, a linear operator on the Hilbert space of the quantum system. A relative simplicity of the CSF allowed us to derive results, which cannot be obtained in the frame of the TSVF, such as those related to the separation of connection states into the Hermitian and anti-Hermitian parts (cf. Sec. III B).
Another advantage of the CSF is that it describes PPS measurements in a manner similar to the Born rule [see Eq. (12)], thus allowing one to study PPS measurements by analogy with conventional measurements. Note that in the case of pure pre-and post-selection states, there is a simple formal relation between the TSVF and the CSF: the connection matrix is given by the normalized direct product of the two vectors comprising the twostate vector, see Eq. (14) .
B. Connection and posterior states
The above analysis focused on one quantity characterizing a posterior ensemble: the connection state w used for quantum smoothing in the past (t 0 < t < t 1 ). There is also another quantity characterizing a posterior ensemble: the conventional posterior quantum state ρ ′ used for predictions in the future (t > t 1 ). Let us compare w and ρ ′ . In contrast to w, the posterior state ρ ′ is not defined uniquely for given ρ and E. We restrict the consideration to the important case when the post-selection measurement is minimally disturbing, so that [37] 
Similarly to Eq. (13), the equality (61) can be also considered as a quantum counterpart of Bayes' theorem [53, 54] . However, there is a significant difference between the two above quantities. Both expressions involve information on two (generally) incompatible aspects of a quantum system provided by ρ and E. However, in the connection state, Eq. (13), the two pieces of information enter on an equal footing. As a result, PPS measurements yield generally unusual results, as discussed in Sec. V. In contrast, ρ ′ is a conventional state which describes classical results of conventional measurements. This reconciliation of the two incompatible aspects is achieved by a complete or partial projection of the initial state performed in Eq. (61), which erases (completely or partially) the information contained in the initial state ρ. The degree of erasure increases with the measurement strength, the complete erasure being achieved for projective measurements with rank-1 projectors [cf. the remark after Eq. (4)].
It is interesting that there are situations where ρ ′ = w. This occurs when E commutes with ρ. In particular, ρ ′ = w = ρ retr for any E when ρ is completely random, ρ ∝ I. In other words, when the post-selection measurement is minimally disturbing, the retrodictive state (43) coincides with the posterior (i.e., predictive) state. In this case, measurements (strong or weak or intermediatestrength) yield the same results, irrespective of whether they are performed before or after the post-selection measurement.
VIII. CONCLUSIONS
In the present paper, we consider the notion of connection state (or connection matrix) that describes quantum systems in a posterior ensemble produced by a quantum measurement. A connection matrix is a non-Hermitian operator that is a direct extension of the density matrix. The present formalism provides a unified description of various types of measurements, including conventional, retrodictive, as well as weak and certain non-weak PPS measurements.
We have discussed the physical meaning of connection matrices and their relation to PPS measurements and weak values. We have shown that the unusual character of weak values is a direct consequence of the nonHermitianity of connection matrices, which in turn results from the non-classical nature of quantum mechanics, namely, from the complementarity principle. Next, it is shown, in essence, that weak and some arbitrarystrength PPS measurements allow one to perform quantum simulations of non-positive/non-Hermitian quantum states. In the future, it would be of interest to consider implications of this fact to quantum information processing.
Thus, here it is shown that a broad class of nonHermitian operators are experimentally accessible quantities with a clear physical meaning. The present approach can be useful in all applications of PPS measurements, including quantum information processing.
where ρ M is the initial state of the meter.
Assume first that A commutes with ρ. Then a basis {|ik } can be found where A and ρ are diagonal,
Here the quantum number k takes into account a possible degeneracy of the eigenvalues a i . Using Eqs. (13) and (B2) and the cyclic property of the trace, Eq. (B1) can be transformed to the form
HereR f,i is the pointer expectation value corresponding to the eigenvalue a i ,
and {P ik } is the probability distribution,
Taking into account that Π i = k |ik ik|, it is easy to see that
